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AUTOMORPHISMS OF FINITE ORDER
ON GORENSTEIN DEL PEZZO SURFACES
D. -Q. Zhang
Abstract. In this note we shall determine all actions of groups of prime order p with
p ≥ 5 on Gorenstein del Pezzo (singular) surfaces Y of Picard number 1. We show that
every order-p element in Aut(Y ) (= Aut(Y˜ ), Y˜ being the minimal resolution of Y ) is lifted
from a projective transformation of P2. We also determine when Aut(Y ) is finite in terms
of K2
Y
, SingY and the number of singular members in | −KY |. In particular, we show that
either |Aut(Y )| = 2a3b for some 1 ≤ a + b ≤ 7, or for every prime p ≥ 5 there is at least
one element gp of order p in Aut(Y ) (hence |Aut(Y )| is infinite).
Introduction
We work over the complex numbers field C. In this note we study the pair (X,G)
of a normal rational surface X and a finite group G of automorphisms on X .
When X is smooth, this subject had been studied by S. Kantor more than one
hundred years ago [K]. It was continued by Segre, Manin, Iskovskih, Gizatullin and many
others [S], [M1, 2], [I], [G]. See also [H1], [H2]. In [DO], the group of automorphisms
of any general del Pezzo surface is described and it turns out that its discrete part is
equal to the kernel of the Cremona representation on the moduli space of n points in
P2. Very recently, de Fernex [dF] constructed all the Cremona transformations of P2
of prime order, where he employed the methods different from those used by Dolgachev
and the author of this note in [ZD].
In [ZD], minimal pairs (X,G) with prime order p = |G| was considered. In particular,
using the recent Mori theory, it was shown there that if the G-invariant sublattice of PicX
has rank 1 then p ≤ 5 unless X = P1; the short and precise classification of these pairs,
modulo equivariant isomorphism, was also given there. In [MM] and [MZ3], more general
situation was considered where X may be singular or even open.
In this note we will consider the case where Y is a Gorenstein del Pezzo singular sur-
face of Picard number 1. So the pair (Y,G) is automatically minimal in the generalized
sense of [ZD]. In contrast to the smooth case in [ZD], we shall show that every prime
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number p ≥ 5 is realizable as the order of some element in Aut(Y ) for some Y . This
actually confirms the common belief that for a family of algebraic surfaces the automor-
phism group of a special member should be bigger than that of a generic member; see
Remark D below. See also [O] for the case of family of K3 surfaces.
The other contrasting result is that in smooth case there are minimal pairs (X,Z/(5))
with X 6= P2 so the action of Z/(5) on X is not lifted from a regular action on P2 [ZD,
Table 1], while in singular case, every element of prime order p ≥ 5 in Aut(Y ) (= Aut(Y˜ ))
is lifted from a projective transformation of P2 (Theorem A).
Moreover, we show that for a given Y , the inclusion Z/(p0) ⊆ Aut(Y ) for one single
prime p0 ≥ 5 will guarantee the inclusion Z/(p) ⊆ Aut(Y ) for every prime p ≥ 5
(Theorem C).
We begin with a definition. A normal projective surface Y is a Gorenstein del Pezzo
surface if Y has only rational double singularities and if the anti-canonical divisor −KY
is ample.
As we see from the classification of higher dimensional algebraic varieties (see [KM]),
a minimal (resp. canonical) model will have some terminal (resp. canonical) singularities.
In surface case, canonical singularities are just rational double singularities (or Du Val
singularities, or Dynkin type ADE singularities, or rational Gorenstein singularities in
other notation). Also Gorenstein del Pezzo surfaces Y appear naturally as degenerate
fibres in a family of (smooth) del Pezzo surfaces (= Fano varieties of dimension 2); the
minimal model conjecture (still unsolved for dimension 4 or greater) claims that every
algebraic variety is birational to either a minimal model or a variety with a Fano fibration
(whose singular fibres are varieties with some mild singularities and ample anti-canonical
divisor). This is also the motivation why we study singular del Pezzo surfaces.
Gorenstein del Pezzo singular surface Y of Picard number 1 satisfies 1 ≤ K2Y ≤ 9
and K2Y 6= 7 (see e.g. [MZ1]). The case K2Y = 8 (resp. K2Y = 9) occurs if and only if Y
is the quadric cone Σ2 in P
3 (resp. Y = P2). We now state our main results.
Theorem A. Let p ≥ 5 be a prime number. Let Y ( 6= Σ2) be a Gorenstein del Pezzo
(singular) surface of Picard number 1. Then we have:
(1) Modulo equivariant isomorphism, there is either none or only one or exactly p+1 of
non-trivial Z/(p)-action(s) on Y .
(2) Each non-trivial Z/(p)-action on Y equals, modulo equivariant isomorphism, one of
those in Examples 1.1− 1.9.
(3) Every order-p element g in Aut(Y ) (= Aut(Y˜ ), Y˜ being the minimal resolution of
Y ) is lifted from a projective transformation g of P2, i.e., there is a birational morphism
µ : Y˜ → P2 such that µ(gy) = gµ(y) for all y in Y˜ .
Theorem B. Let p ≥ 5 be a prime number. Let Y be a Gorenstein del Pezzo (singular)
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surface of Picard number 1.
(1) If K2Y = 6, then there are exactly p + 1 of non-trivial Z/(p)-actions on Y , modulo
equivariant isomorphism.
(2) If K2Y = 5, then there is a unique non-trivial Z/(p)-action on Y , modulo equivariant
isomorphism.
(3) If K2Y is in {3, 4}, then there is either only one or exactly p+1 of non-trivial Z/(p)-
action(s) on Y , modulo equivariant isomorphism.
(4) Suppose K2Y = 2. Then there is a unique (resp. there is no any) non-trivial Z/(p)-
action on Y , modulo equivariant isomorphism, if SingY 6= A7 (resp. SingY = A7).
(5) Suppose K2Y = 1. Then there is a unique (resp. there is no any) non-trivial Z/(p)-
action on Y , modulo equivariant isomorphism, if | − KY | has exactly two (resp. more
than two) singular members (see 2.5).
Theorem C. Let Y be a Gorenstein del Pezzo (singular) surface of Picard number 1.
(1) The following are equivalent:
(1a) Aut(Y ) has finite order.
(1b) |Aut(Y )| = 2a3b with 1 ≤ a+ b ≤ 7.
(1c) Either SingY = A7 (and hence K
2
Y = 2), or K
2
Y = 1 and | −KY | contains at least
three singular members (i.e., K2Y = 1 and Y is different from those four in Examples
1.1− 1.4).
(2) The following are equivalent:
(2a) Aut(Y ) has infinite order.
(2b) Aut(Y ) contains an element of prime order p0 with p0 ≥ 5.
(2c) For each prime number p ≥ 5, there is at least one element gp of order p in Aut(Y ).
Remark D. We like to compare Theorems B and C with known results for smooth Y .
(1) It is known that the order of Aut(Y ) of a generic rational surface (the blow up of P2
at very generic points) with K2Y ≤ 5 is a factor of 5! (see [DO] or [Ko, Main Theorem]).
(2) Let Y be a (smooth) del Pezzo surface with K2Y = 3 or 4. It is known that there is
at most one (resp. no any) Z/(p)-action on Y , modulo equivariant isomorphism, if p = 5
(resp. p ≥ 7 is prime); see [S, pp. 147-152], [H1, Theorem 1.1] and [H2, Theorem 5.3].
An interesting observation made by I. Dolgachev is that the quotient surface of the
degree 6 Del Pezzo surface modulo an involution, is a 4-nodal Segre cubic surface.
(3) The following can be deduced from [DO] or the main Theorem in [Ko]. Let Y be a
generic rational surface. If K2Y ≤ 4, then there is no prime order p (p ≥ 3) automorphism
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of Y . Suppose K2Y = 5; then there is a unique (resp. no any) non-trivial Z/(p)-action on
Y , modulo equivariant isomorphism, if p = 5 (resp. if p ≥ 7 is prime). If K2Y = 6, 7, then
for each prime p ≥ 5, there are exactly p+ 1 of Z/(p)-actions on Y , modulo equivariant
isomorphism.
(4) Let Y be a Gorenstein del Pezzo singular surface of Picard number 1. [Y1] or [Y2]
implies: If K2Y ≥ 2, the SingY determines uniquely the isomorphism class of Y . For
K2Y = 1, see [Y1, 2] or Proposition 2.5.
(5) We believe that a similar classification is achievable for p = 2, 3 though the list will
be much longer and less elegant.
(6) The case K2Y = 1 has been considered in [Z2].
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Section 1. Examples
We begin with a definition. A rational elliptic (smooth) surface f : X → P1 is called
extremal if f is relatively minimal (i.e., K2X = 0) and if the Mordell Weil group MW(f)
of all sections is torsion (cf. [MP], [OS]); the latter is equivalent to saying that the Picard
lattice over Q of X is generated by a single section and fibre components.
We will first give Examples 1.1 - 1.5, where p ≥ 5 is a prime number and ζp =
exp(2pi
√−1/p). We will define an action of 〈g〉 ∼= Z/(p) on certain extremal rational
elliptic (smooth) surface X . In the Weierstrass equations for X below (cf. [MP, Tables
5.1-5.3]), we use v to denote the parameter of the base curve. In Examples 1.1-1.4, a
different choice of section to be blown down by the map X → Y will result in isomorphic
Y because MW(f) acts (on X and) transitively on the set of all sections. Also except
Example 1.5, the action of 〈g〉 on X stabilizes all negative curves (i.e., (−2)-curves in
fibres and (−1)-curves as sections); see Theorems 2.1 and 2.2.
Example 1.1. Let f : X → B ∼= P1 be the unique rational elliptic (smooth) surface
with singular fibres of type II and II∗. Its Weierstrass equation is given here:
y2z = x3 + v5z3.
We define an order-p automorphism g on X as follows:
g∗ : (x, y, z; v)→ (ζ−5p x, y, ζ−15p z; ζ6pv).
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Then g preserves the fibration f and stabilizes exactly two fibres of type II∗ at v = 0
and of type II at v =∞. The restriction g|B has order p.
Clearly, g stabilizes the unique section E of f , which is given by [x, y, z; v] = [0, 1, 0; v].
We label the type II∗ fibre as
∑6
i=1 iCi + 4C7 + 2C8 + 3C9 so that E +
∑8
i=1 Ci is a
linear chain and C9.C6 = 1. Let X → Yk (0 ≤ k ≤ 4) be the composite of the smooth
blow-down of E +
∑k
i=1 Ci and the contraction of the (−2)-curves
∑9
i=k+2 Ci. Then
Y = Yk satisfies :
(*) Y is Gorenstein del Pezzo, Picard number ρ(Y ) = 1, K2Y = k + 1 and Sing Y is one
of E8, E7, E6, D5, A4 (depending on k).
The g on X induces a regular action of order-p on Yk, which we denote by the same
letter g.
Example 1.2. Let f : X → B ∼= P1 be the unique rational elliptic (smooth) surface
with singular fibres of type III and III∗. Its Weierstrass equation is given here:
y2z = x3 + v3xz2.
We define an order-p automorphism g on X as follows:
g∗ : (x, y, z; v)→ (ζ−3p x, y, ζ−9p z; ζ4pv).
Then g preserves the fibration f and stabilizes exactly two fibres of type III∗ at v = 0
and of type III at v =∞. The restriction g|B has order p.
Clearly, g stabilizes the only two sections E,E′ of f , which are given by [x, y, z; v] =
[0, 1, 0; v] and [x, y, z; v] = [0, 0, 1; v]. We label the type III∗ fibre as
∑4
i=1 iCi +∑8
j=5 ajCj so that E +
∑7
i=1Ci is a linear chain. Let X → Yk (k = 0, 1, 2) be the
composite of the smooth blow-down of E +
∑k
i=1Ci and the contraction of the (−2)-
curves
∑8
i=k+2 Ci and the (−2)-curve in the type III fibre not meeting E. Then Y = Yk
satisfies :
(*) Y is Gorenstein del Pezzo, Picard number ρ(Y ) = 1, K2Y = k + 1 and Sing Y is one
of E7 +A1, D6 + A1 and A5 + A1 (depending on k).
The g on X induces a regular action of order-p on Yk, which we denote by the same
letter g.
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Example 1.3. Let f : X → B ∼= P1 be the unique rational elliptic (smooth) surface
with singular fibres of type IV and IV ∗. Its Weierstrass equation is given here:
y2z = x3 + v4z3.
We define an order-p automorphism g on X as follows:
g∗ : (x, y, z; v)→ (ζ−2p x, y, ζ−6p z; ζ3pv).
Then g preserves the fibration f and stabilizes exactly two fibres of type IV ∗ at v = 0
and of type IV at v =∞. The restriction g|B has order p.
Clearly, g stabilizes the only three sections E,E′, E′′ of f , which are given by
[x, y, z; v] = [0, 1, 0; v] and [x, y, z; v] = [0,±v2, 1; v]. We label the type IV ∗ fibre as∑3
i=1 iCi +
∑7
j=4 ajCj so that E +
∑5
i=1 Ci is a linear chain. Let X → Yk (k = 0, 1)
be the composite of the smooth blow-down of E +
∑k
i=1Ci and the contraction of the
(−2)-curves ∑7i=k+2 Ci and the two (−2)-curves in the type IV fibre not meeting E.
Then Y = Yk satisfies :
(*) Y is Gorenstein del Pezzo, Picard number ρ(Y ) = 1, K2Y = k + 1 and Sing Y is one
of E6 +A2 and A5 + A2 (depending on k).
The g on X induces a regular action of order-p on Yk, which we denote by the same
letter g.
Example 1.4. Let f : XJ → B ∼= P1 be the rational elliptic (smooth) surface with
two singular fibres of type I∗0 and J-invariant of a general fibre equal to the constant
J = 4r3/(4r3+27s2). Here r, s are in C so that 4r3+27s2 6= 0. Its Weierstrass equation
is given as follows, where v is the parameter of the base curve
y2z = x3 + rv2xz2 + sv3z3.
We define an order-p automorphism g on X as follows:
g∗ : (x, y, z; v)→ (ζ−1p x, y, ζ−3p z; ζ2pv).
Then g preserves the fibration f and stabilizes exactly the two fibres of type I∗0 at v = 0
and v =∞. The restriction g|B has order p.
Clearly, g stabilizes the only four sections E,E′, E′′, E′′′ of f , which are given by
[x, y, z; v] = [0, 1, 0; v] and [x, y, z; v] = [xiv, 0, 1; v], where xi are the roots of x
3+rx+s =
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0. We label a type I∗0 fibre as
∑2
i=1 iCi+
∑5
j=3 ajCj so that E+
∑3
i=1 Ci is a linear chain.
Let XJ → YJ,k (k = 0, 1) be the composite of the smooth blow-down of E+
∑k
i=1 Ci and
the contraction of the (−2)-curves ∑5i=k+2 Ci and the four (−2)-curve in the another
type I∗0 fibre not meeting E. Then Y = YJ,k satisfies :
(*) Y is Gorenstein del Pezzo, Picard number ρ(Y ) = 1, K2Y = k + 1 and Sing Y is one
of 2D4 and D4 + 3A1 (depending on k).
The g on XJ induces a regular action of order-p on YJ,k, which we denote by the same
letter g.
In general, if f : X → B (∼= P1) has singular fibre type I∗0 , I∗0 , then X = XJ for some
J [MP, Theorem 5.4]. We remark also that the isomorphism class of YJ,k depends (resp.
does not depend) on J when k = 0 (resp. k = 1); see Proposition 2.5.
Example 1.5. Let f : X → B ∼= P1 be the unique rational elliptic (smooth) surface
with singular fibres of type I1, I1, I5, I5. Its Weierstrass equation is given here:
y2z = x3 + Axz2 +Bz3,
where A = −3(1−12v+14v2+12v3+v4), B = 2(1−18v+75v2+75v4+18v5+v6). The
Mordell Weil group G = MW(f) ∼= Z/(5) acts on X naturally as translations (of general
fibres). In particular, it acts transitively on the set of all 5 sections. The G stabilizes
every fibre. So the restriction G|B is trivial.
In Examples 1.6 - 1.10 below, we let Y be a Gorenstein del Pezzo singular surface of
Picard number 1. Let Y˜ → Y be the minimal resolution and D the exceptional divisor.
Denote by #D the number of irreducible components of D. Then the Picard number
ρ(Y˜ ) = 1 + #D. Hence K2Y = K
2
Y˜
= 9 − #D. For K2Y ≥ 2, the SingY determines
uniquely the isomorphism class of Y (see Proposition 2.5); we will also use Figure 5 in
[Y1] or [Y2, Ch 4] containing all negative curves on Y˜ , which are either (−1)-curves or
(−2)-curves.
Example 1.6. Let Y be the unique Gorenstein del Pezzo surface of Picard number 1
and with SingY = A2 + A1. Then K
2
Y = 6.
We first construct such unique surface Y . Let P1 = [0, 0, 1] and P2 = [0, 1, 0]. Let
µ : Y˜ → P2 be the blow up of P1 and its 2 infinitely near points lying on the proper
transform of the line LP1P2 , such that µ
−1(LP1P2) = D1+E+D3+D2 has the following
dual graph
(−2)−−(−1) −−(−2) −−(−2).
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HereD1 is the proper transform of LP1P2 . Let Y˜ → Y be the contraction ofD =
∑3
i=1Di.
Then this Y is the unique Gorenstein del Pezzo surface of Picard number 1 and with
SingY = A2 + A1. Note that E,Di are the only negative curves on Y˜ [Y1, 2]. Clearly,
G := Aut(Y ) = Aut(Y˜ ). Since G clearly stabilizes all negative curves, there is an induced
G-action on P2 such that the map µ is G-equivariant. Thus G = {g ∈ PGL2(C)|g(P1) =
P1, g(LP1P2) = LP1P2}. So G = {(aij) ∈ PGL2(C)|aij = 0(i < j)}. Since D1 ∼= P1, each
element of G of finite order fixes either two or all points of D1.
Claim 1.6.1. Let p ≥ 2 be a prime number. Given any point Q ∈ D1 \ {D1 ∩E}, there
are exactly p+1 different Z/(p)-actions on Y˜ , modulo equivariant isomorphism, each of
which fixes at least two points of D1: Q, D1 ∩E; exactly one of these p+1 actions fixes
three and hence all points of D1.
We use the same Q to denote its image on P2 and we may assume that Q = P2
after change of coordinates. Now g = (aij) in G fixes P2 if and only if a32 = aij = 0
(i < j). We may assume that a11 = 1 and write g = g1 + h where g1 = diag[1, a22, a33]
and h = (hij) with hi1 = ai1 for for i = 2, 3 and all other hij = 0. Then h
2 = 0. So if g
is of prime order p, then I3 = g
p = (g1 + h)
p = gp1 + pg
p−1
1 h. This equality implies that
gp1 = I3 and h = 0. So ord(g) = p if and only if 〈g〉 = 〈gi〉 for some 0 ≤ i ≤ p, where
gp = diag[1, 1, ζp] and gb = diag[1, ζp, ζ
b
p] (0 ≤ b ≤ p− 1) with ζp = exp(2pi
√−1/p). Now
the image µ(D1) = LP1P2 = {X = 0} is g-fixed if and only if g = [1, ζp, ζp]. The claim
follows.
For an arbitray element g of prime order p in G, we know that g fixes at least
two distinct points D1 ∩ E and Q on D1. Clearly, there is a projective tranformation
τ mapping P1, P2 to P1, (the image of) Q. This τ lifts to an automorphism τ on Y˜
mapping (the pre-image of) P2 to Q. Now 〈τ−1gτ〉 fixes P1 and P2 and hence equals one
of the 〈gi〉 above for some i. So modulo equivariant isomorphism, 〈gi〉 (0 ≤ i ≤ p) are
the only non-trivial actions of Z/(p) on Y .
Example 1.7. Let Y be the unique Gorenstein del Pezzo surface of Picard number 1
and with SingY = A3 + 2A1. Then K
2
Y = 4.
We first construct such unique surface Y . Let P1 = [0, 0, 1], P2 = [0, 1, 0] and
P3 = [1, 0, 0]. Let µ : Y˜ → P2 be the blow up of P1, P2 and 3 infinitely near points
of them such that µ−1(LP1P2 + LP1P3) = D1 + E1 +D4 +D3 +D2 + E2 +D5 has the
following dual graph
(−2)−−(−1)−−(−2)−−(−2) −−(−2) −−(−1) −−(−2).
Here D1, D2 are the proper transforms of LP1P3 , LP1P2 . Let Y˜ → Y be the contraction
of D =
∑5
i=1Di. Then this Y is the unique Gorenstein del Pezzo surface of Picard
number 1 and with SingY = A3 + 2A1. Note that Ei, Dj are the only negative curves
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on Y˜ [Y1, 2]. Clearly, G := Aut(Y ) = Aut(Y˜ ). Let H = {h ∈ G|h(D1) = D1}. Then
H stabilizes every negative curve. As in Example 1.6, µ is H-equivariant and H = {h ∈
PGL2(C)|h(Pi) = Pi(i = 1, 2), h(LP1P3) = LP1P3}. So H = {(aij) ∈ PGL2(C)|aij = 0
if i 6= j and (i, j) 6= (3, 1)}.
Claim 1.7.1. G ∼= H ⋊ Z/(2).
Indeed, if σ is in G but not in H, then σ switchs D1 and D5 and σ
2 is in H. On the
other hand, the blow down Y˜ → P1×P1 of E1+D4 and E2+D2 to points (0, 0), (∞, 0)
is G-equivariant and the automorphism (x, y) 7→ (1/x, y) downstairs lifts to an involution
σ in G switching D1 and D5.
By the claim above, every prime order p (p ≥ 3) element g of G is contained in H.
As in Example 1.6, 〈g〉 = 〈diag[1, 1, ζp]〉 or 〈g〉 = 〈diag[1, ζp, ζbp]〉 (0 ≤ b ≤ p− 1).
Example 1.8. Let Y be the unique Gorenstein del Pezzo surface of Picard number 1
and with SingY = 3A2. Then K
2
Y = 3.
We first construct such unique surface Y . Let P1 = [0, 0, 1], P2 = [0, 1, 0] and
P3 = [1, 0, 0]. Let µ : Y˜ → P2 be the blow up of P1, P2, P3 and 3 infinitely near points
of them such that µ−1(
∑
i<j LPiPj ) = E1 +D1 +D2 + E2 +D3 +D4 + E3 +D5 +D6
is a simple loop (with E1.D6 = 1 and) with E
2
i = −1 and D2j = −2. Here D1, D3, D5
are the proper transforms of LPiPj with (i, j) = (1, 2), (1, 3), (2, 3). Let Y˜ → Y be the
contraction of D =
∑6
i=1Di. Then this Y is the unique Gorenstein del Pezzo surface of
Picard number 1 and with SingY = 3A2. Note that Ei, Dj are the only negative curves
on Y˜ [Y1, 2]. Clearly, G := Aut(Y ) = Aut(Y˜ ). Let H = {h ∈ G|h(Ei) = Ei(i = 1, 2, 3)}.
Then H stabilizes every negative curve. As in Example 1.6, the µ is H-equivariant and
H = {h ∈ PGL2(C)|h(Pi) = Pi(i = 1, 2, 3)}. So H = {diag[a, b, c] ∈ PGL2(C)}.
Claim 1.8.1. G ∼= H ⋊ S3.
Indeed, if σ is in G but not in H, then σ permutes Ei’s and hence G/H ≤ S3. On
the other hand, consider the blow down Y˜ → P1 × P1 of E1 +D6, E3 and E2 +D3 to
points (0, 0), (∞, 0) and (∞,∞). Then the involution σ : (x, y) 7→ (1/y, 1/x) downstairs
lifts to an involution σ in G switching E1 and E2. Similarly, we can find an involution
σij in G switching Ei and Ej . This proves the claim.
By the claim above, every prime order p (p ≥ 5) element g of G is contained in H.
As in Example 1.6, 〈g〉 = 〈diag[1, 1, ζp]〉 or 〈g〉 = 〈diag[1, ζp, ζbp]〉 (0 ≤ b ≤ p− 1).
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Example 1.9. Let Y be the unique Gorenstein del Pezzo surface of Picard number 1
and with SingY = 2A3 + A1. Then K
2
Y = 2.
We first construct such unique surface Y . Let P1 = [0, 0, 1], P2 = [0, 1, 0], P3 =
[1, 0, 0] and P4 = [1, 1, 0]. Let µ : Y˜ → P2 be the blow up of P1, P2, P3 and 4 infinitely
near points of them such that µ−1(
∑
i<j LPiPj ) = L+C with L = E1+D1+D2+D3+
E4 +D6 +D5 +D4 and C = E2 +D7 + E3. Here E
2
i = −1 and D2j = −2. This L is a
simple loop (with E1.D4 = 1) and C is a linear chain such that L.C = 2 and L meets C
at the two points E2 ∩D2 and E3 ∩D5. Also D1, D5, D6, E2 are the proper transforms
of LPiPj with (i, j) = (1, 2), (2, 3), (1, 4), (1, 3). Let Y˜ → Y be the contraction of
D =
∑7
i=1Di. Then this Y is the unique Gorenstein del Pezzo surface of Picard number
1 and with SingY = 2A3 + A1. Note that Ei, Dj are the only negative curves on Y˜
[Y1, 2]. Clearly, G := Aut(Y ) = Aut(Y˜ ). Let H = {h ∈ G|h(Ei) = Ei(1 ≤ i ≤ 4)}.
Then H stabilizes every negative curve. As in Example 1.6, µ is H-equivariant and
H = {h ∈ PGL2(C)|h(Pi) = Pi(1 ≤ i ≤ 4)}. So H = {diag[1, 1, c] ∈ PGL2(C)}.
Claim 1.9.1. G ∼= H ⋊ (Z/(2))⊕2.
Indeed, if σ is in G but not in H, then σ stabilizes both sets {E1, E4} and {E2, E3}.
Note that the blow down Y˜ → P1 × P1 of E1, E4, E2 + D2 and E3 + D5 to points
(0,∞), (∞, 0), (0, 0), (∞,∞) is G-equivariant. The involutions σ1 : (x, y) 7→ (1/y, 1/x),
σ2 : (x, y) 7→ (y, x) lift to involutions σ1, σ2 in G switching respectively E2 and E3, E1
and E4. This proves the claim.
By the claim above, every prime order p (p ≥ 3) element g of G is contained in H.
Arguing as in Example 1.6, 〈g〉 = 〈diag[1, 1, ζp]〉.
Example 1.10. Let Y be the unique Gorenstein del Pezzo surface of Picard number 1
and with SingY = A7. Then K
2
Y = 2. We shall show that Aut(Y ) = Z/(4)× Z/(2).
We first construct such unique surface Y . Let P1 = (0, 0) and P2 = (∞, 0). Let
µ : Y˜ → P1 ×P1 be the blow up of P1, P2 and 4 infinitely near points of them such that
µ−1(LP1 +M + LP2) = E1 + D + E2 with D = D1 + · · · +D7; here LPi (i = 1, 2) are
the fibres x = 0 and x = ∞, and M is the section y = 0. Also E2i = −1 and D2j = −2.
This D is a linear chain such that Ei.D = Ei.Dj = 1 with (i, j) = (1, 2), (2, 6). Also
D1, D4, D7 are the proper transforms of LP1 , M , LP2 . Let Y˜ → Y be the contraction of
D. Then this Y is the unique Gorenstein del Pezzo surface of Picard number 1 and with
SingY = A7. Note that Ei, Dj are the only negative curves on Y˜ [Y1, 2].
Clearly, G := Aut(Y ) = Aut(Y˜ ). Let H = {h ∈ G|h(Ei) = Ei(i = 1, 2)}. Then H
stabilizes every negative curve. Note that the restriction H|Di with i = 2 (resp. i = 6) is
trivial for H fixes three intersection points of Di (∼= P1) with Di−1, Di+1 and E1 (resp.
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E2). As in Example 1.6, µ is G-equivariant. So H = {h ∈ Aut(P1 ×P1)|h(Pi) = Pi(i =
1, 2); h|Dj = id(j = 2, 6)}.
Since an element h in H stabilizes the curves LP1 = {x = 0} and M = {y = 0}, we
have h : (x, y) 7→ (ax, by). Following the blow up process, we see that h|Dj = id (j = 2, 6)
if and only if a = b2 and a−1 = b2. Thus H = 〈h1〉 ∼= Z/(4), where h1 = (−1,
√−1).
Let σc : (x, y) 7→ (c/x, y) be an involution. Then for a unique choice of c, the σc
lifts to an involution on Y˜ switching E1 and E2. Clearly, h1σc = σch1. Therefore,
G = 〈h1〉 × 〈σc〉 ∼= Z/(4)× Z/(2).
Section 2. Proofs of Theorems
We will first prove Theorems 2.1-2.3. Theorems A, B and C will follow from Theorem
2.3, the observation thatK2Y = 9−#D in Proposition 2.5, Proposition 2.5 (3) and Lemma
2.6 (4).
Theorem 2.1. Let p ≥ 5 be a prime number. Let f : X → P1 be an extremal rational
elliptic (smooth) surface such that Z/(p) acts non-trivially on X. Then modulo equivari-
ant isomorphism, the Z/(p)-action equals one of those in Examples 1.1− 1.5 (4 isolated
ones and a family parametrized by a parameter J in C). In particular, Z/(q) ⊆ Aut(X)
for every prime q ≥ 5, unless p = 5 and X is given in Example 1.5.
Theorem 2.2. Let p ≥ 5 be a prime number. Let f : X → P1 be an extremal rational
elliptic (smooth) surface. Then a non-trivial action (if exists) of Z/(p) on X is unique
modulo equivariant isomorphism. Also the action stabilizes all negative curves on X,
unless p = 5 and X is given in Example 1.5.
Theorem 2.3. Let p ≥ 5 be a prime number. Let Y be a Gorenstein del Pezzo (singular)
surface of Picard number 1.
(1) Y admits a non-trivial Z/(p)-action if and only if either K2Y ≥ 2 and SingY 6= A7, or
K2Y = 1 and | −KY | has exactly two singular members (i.e., K2Y = 1 and Y equals one
of those four in Examples 1.1 ∼ 1.4) whence SingY is one of the following (see (2.5).)
E8, E7 + A1, E6 + A2, 2D4.
(2) If K2Y = 1, then there is at most one non-trivial Z/(p)-action on Y , modulo equivari-
ant isomorphism.
(3) If SingY is either A2+A1, or A3+2A1 or 3A2, then there are exactly p+1 different
non-trivial Z/(p)-actions on Y , modulo equivariant isomorphism (see Examples 1.6, 1.7
and 1.8).
(4) If SingY = A7, then Aut(Y ) ∼= Z/(4)⊕ Z/(2) (see Example 1.10).
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(5) If K2Y ≥ 2, Y 6= Σ2 and SingY is neither one of those four in (3) and (4), then there
is a unique non-trivial Z/(p)-action on Y , modulo equivariant isomorphism.
We need some preparations.
Lemma 2.4. Let f : X → B(∼= P1) be an extremal rational elliptic (smooth) surface such
that there are at least three singular fibres. Then either |Aut(X)| = 2a5 with 1 ≤ a ≤ 3
or |Aut(X)| = 2a3b with 1 ≤ a + b ≤ 7. In the first case every element of order 5 acts
transitively on the set of the 5 sections of f .
Proof. Let F be the generic fibre of f over the function field C(B). We have an exact
sequence (see [G, p.128]):
(1)→ Aut(F )→ Aut(X)→ Aut(B).
Let F1 = f
−1(t1), . . . , Fr = f
−1(tr) be all singular fibres of f . Then H = Im(Aut(X)→
Aut(B)) acts on the set {t1, . . . , tr}. The natural map H → Sr is injective for r ≥ 3 and
B ∼= P1. If we divide {t1, . . . , tr} into a disjoint union of subsets of cardinality nk with∑
k nk = r, such that fibres over points in the same subset are of the same type, then H
stabilizes each subset and hence |H| divides Πk(nk)!.
On the other hand, if we let MW(f) be the Mordell-Weil group of all sections of f
and Aut(F )0 be the subgroup of Aut(F ) fixing the zero element (coming from a pre-
designated zero section of f), then Aut(F ) = MW(f) ⋊ Aut(F )0. So we conclude that
|Aut(X)| = |Aut(F )0||MW(f)||H|. All such f are given in [MP, Theorem 4.1] (see also
[ibid, Theorem 5.4]). By [ibid. Table 5.1-5.3], the J-function J(F ) is not a constant. So
|Aut(F )0| = 2. Now the lemma follows from the classification of singular fibre types and
MW(f) in [ibid. Theorem 4.1] and the above observation that |H| divides Πk(nk)!.
Proposition 2.5. Let Y ( 6= Σ2) be a Gorenstein del Pezzo (singular) surface of Picard
number 1.
(1) SingY is one of the following (26 of them):
E8, E7 + A1, E6 + A2, 2D4, D8, D5 +A3, D6 + 2A1, A8, A7 + A1,
2A4, A5 +A2 +A1, 2A3 + 2A1, 4A2, E7, D6 + A1, A7, A5 + A2, D4 + 3A1,
2A3 + A1, 3A2, A5 +A1, E6, A3 + 2A1, D5, A4, A2 + A1.
(2) SingY determines uniquely the isomorphism class of Y and | − KY | has at least
three singular members, if SingY is not E8, E7 + A1, E6 + A2 or 2D4. If D is one of
E8, E7+A1 and E6+A2, then there are exactly two isomorphism classes of Y = YD(i) with
SingY = D; Y = YD(1) is given in Examples 1.1−1.3; the |−KY | with Y = YD(1) (resp.
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Y = YD(2)) has exactly two (resp. at least three) singular members. If SingY = 2D4
then Y is isomorphic to one of those YJ,0 in Example 1.4 parametrized by J in C and
| −KY | has exactly two singular members.
(3) Suppose that K2Y = 1 and | − KY | contains at least three singular members. Then
|Aut(Y )| = 2a3b with 1 ≤ a+ b ≤ 7.
For the Y in the Proposition above, we let Let Y˜ → Y be the minimal resolution
and D the exceptional divisor. Clearly, Aut(Y ) = Aut(Y˜ ). Also the Picard number
ρ(Y˜ ) = 1 + #D and K2Y = K
2
Y˜
= 9 − #D, where #D is the number of irreducible
components of D.
Proof of Propositon 2.5. (1) is well known (see e.g. [MZ1]). (2) is proved in [Y1,2]. We
state the idea of the proof of (2) for the case K2Y = 1. Let X → Y˜ be the blow up
of the unique point Bs| −K
Y˜
| with E the exceptional curve (see the proof of Theorem
2.3 below). Then f = Φ|−KX | : X → B(∼= P1) is an extremal rational elliptic surface.
These X , MW(f) and isomorphism classes are classified in [MP, Theorems 4.1 and 5.4].
The composition map X 7→ Y defines a one-to-one correspondence between the set
of isomorphism classes of extremal rational elliptic (smooth) surfaces and the set of
Gorenstein del Pezzo surfaces of Picard number 1 and degree 1; the singular members of
| −KY | are exactly the images of singular fibres of f .
The assertion(3) follows from Lemma 2.4 and the observation that Aut(Y ) = {g ∈
Aut(X)|g(E) = E)} ⊇ 〈σ〉; here E is a section of f and σ acts as −id on the generic
fibre (fixing the zero section which is chosen to be E).
Lemma 2.6. Let Y be as in the Proposition above. Let g be an element in Aut(Y ) =
Aut(Y˜ ) of prime order p (p ≥ 5).
(1) Every negative curve on Y˜ is either a (−1)-curve or a (−2)-curve, and all negative
curves are g-stable. If K2Y ≥ 2, then there are at most four of (−1)-curves on Y˜ .
(2) If E is a (−1)-curve on Y˜ , then −K
Y˜
= dE +∆ numerically, where d = K2Y and ∆
is an effective Q-divisor with support in D.
(3) There is a (−1)-curve E on Y˜ such that E.D = 1 if SingY equals one of the following:
E7, D6 + A1, A7, A5 + A2, A5 +A1, E6, D5, A4.
(4) Theorem A (3) in the Introduction is true.
Proof. The nef and bigness of −K
Y˜
implies that every negative curve is either a (−1)-
curve or a (−2)-curve. When K2Y = 1, (1) is reduced to Theorem 2.2 (see the proof of
Theorem 2.3). (3) and the second part of (1) follows from Figure 5 in [Y1] or [Y2, Ch
13
4]. In particular, when K2Y ≥ 2 all (−1)-curve are g-stable. Also every component of D
of type as shown in Proposition 2.5 is clearly g-stable. So (1) follows.
For (2), we note that the Picard number ρ(Y ) = 1, whence we have numerically
−KY = bE for some rational number b, where E is the image on Y of E. Pulling back
this relation, we get −K
Y˜
= b(E+∆′), where ∆′ is an effective Q-divisor and supported
by D. Intersecting this with −K
Y˜
, we get b = K2
Y˜
= K2Y .
To prove (4), we need:
Claim 2.6.1. There is a birational morphism µ : Y˜ → P2.
By (1), we have a birational morphism Y˜ → Σd where Σd is the Hirzebruch surface
of degree d ≤ 2. We let M be the section on Σd with M2 = −d. Since K2
Y˜
< 8, the map
Y˜ → Σd factors through the blow up Z → Σd of a point on a fibre F . The inverse on Z
of F is a pair E + F ′ of intersecting (−1)-curves with F ′ the proper transform of F . If
d = 1, then the claim is clear. If d = 0, 2, we have a composition Y˜ → Z → Σ1 where
the latter map is the blow down of F ′. The claim follows.
We continue the proof of Lemma 2.6 (4). By (1), the µ-exceptional divisor is g-stable.
So there is an induced action of g on P2 so that µ is g-equivariant. Now Theorem A (3)
follows. This proves the lemma.
Let X be a smooth projective surface with an order-n automorphism g. Let C0 +
C1 + · · · + Cr be a linear chain of (−2)-curves each of which is g-stable. Denote by
Pi+1 = Ci ∩ Ci+1. Note that the fixed set Cgi contains two distinct points Pi, Pi+1,
where P0 ∈ C0 and Pr+1 ∈ Cr. Let ζ be a primitive n-th root of 1.
Lemma 2.7. Let g|Pi = (ζai , ζbi) be the diagonalization. Then we have bi + ai+1 = 0
(mod n) and ai + bi = aj + bj (mod n) For all i and j.
Proof. The first equality follows from the fact if g acts as a multiple ζe at the origin of
Ci ∼= P1 then it acts as a multiple ζ−e at the infinity. For the second equality, we note
that the restricted line bundle O(KX)|Ci is trivial for Ci is a (−2)-curve, and g acts on it
by a constant multiple g : (dxi ∧ dyi)|Ci 7→ ζai+bi(dxi ∧ dyi)|Ci, where xi, yi are defining
equations of Ci, Ci+1 at Pi. So ζ
ai+bi = ζai+1+bi+1 for Pi and Pi+1 are on the same curve
Ci. This proves the lemma.
In Lemmas 2.8 and 2.9 below, we let f : X → B ∼= P1 be an extremal rational
elliptic (smooth) surface and g an element in Aut(X) of prime order p (p ≥ 5). Note
that each fibre is a member of | −KX |. So the fibration is g-stable. We denote by g|B
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the induced action of g on the base curve B.
Lemma 2.8. Suppose that g|B = id. Then f has singular fibres of types I5, I5, I1, I1
(such X is unique; see [MP ]), p = 5 and MW(f) ∼= Z/(5). Moreover, the action of
〈g〉 ∼= Z/(5) on X is identical to that of MW(f) on X as translations (on general fibre).
Proof. If p does not divide |MW(f)|, then g stabilizes each section; so g fixes each section
for g|B = id. Thus a general fibre F is an elliptic curve on which g acts with a fixed
point (the intersection of F and a section). So ord(g|F ) divides 12. On the other hand
ord(g|F ) divides ord(g|X) = p ≥ 5. So g|F = id. This and g|B = id imply that g = idX ,
a contradiction. Thus p divides |MW(f)|. Now the first part of lemma follows from
[MP, Theorems 4.1 and 5.4]. Also g acts transitively on the set of all 5 sections by the
argument above.
For the second part, choose an automorphism h of X coming from an element (de-
noted also by h) of MW(f) such that g−1h acts identically on the set of the 5 sections
in MW(f). Then k = g−1h acts on a general fibre F with at least 5 fixed points (the
intersection of F with the 5 sections). Note that ord(k|F ) divides 12 and if k|F 6= ±id,
then J(F ) = 0 or 1728. On the other hand, J(F ) is not a constant by [MP, Table 5.3].
We reach a contradiction. So k|F = ±id. If k|F = id, then k = idX for k|B = id, whence
g = h. If k|F = −id then g|F = (−idF )h has order 10, a contradiction. This proves the
lemma.
Lemma 2.9. Suppose that g|B 6= id. Then f has one of the following 4 singular fibre
types:
(i) II, II∗, (ii) III, III∗, (iii) IV, IV ∗, (iv) I∗0 , I
∗
0 .
Moreover, for each k = 1, 2, 3, there is a unique X of singular fibre type (k) above.
The surfaces with singular fibre type (iv) above are parametrized by the J-invariant of a
general fibre F (J(F ) is a constant).
Proof. If one singular fibre is not g-stable, then f has p (p ≥ 5) copies of the same fibre,
which contradicts the fact that f has at most four singular fibres [MP, Theorem 4.1]. So
every singular fibre is g-stable. If f has more than two singular fibres, then g|B fixes
more than two points (over which lying the singular fibres), so g|B = id for B ∼= P1.
This is a contradiction. Thus f has at most two singular fibres. Now the lemma follows
from [MP, Theorem 4.1].
In view of Lemmas 2.8 and 2.9, to show Theorems 2.1 and 2.2 we have only to show
that for each X satisfying one of 4 cases in Lemma 2.9, there is a unique non-trivial
G = Z/(p)-action (p ≥ 5) on X (one is given in Examples 1.1-1.4). Note that in all these
4 cases, |MW(f)| ≤ 4 and hence G acts trivially on the set of sections, i.e., G stabilizes
15
every section, because p ≥ 5. This and p ≥ 5 again imply that every component in
the two singular fibres (each of which is G-stable) is G-stable and hence the central
component C0, meeting three other components C1, C2, C3, of a singular fibre is G-fixed
(point wise). Let P = C0 ∩ C1 and let h be a generator of G such that h|P can be
diagonalized as h|P = (1, ζp), where h acts identically along the direction of C0 and as
a multiple ζp = exp(2pi
√−1/p) along the direction of C1. Applying Lemma 2.7, we can
show that the g in Examples 1.1 - 1.4 satisfies g|P = (1, ζp) so that g−1h acts identically
along the directions of C0 and C1. Hence g
−1h = idX and h = g. This shows that
the non-trivial action of Z/(p) on X is the same as that of 〈g〉 ∼= Z/(p) on X in one of
Examples 1.1 - 1.4. This proves Theorems 2.1 and 2.2.
We can avoid the use of Lemma 2.7 by choosing a suitable power ge so that ge|P =
(1, ζp), whence h = g
e; so Lemma 2.7 claims that e = 1 indeed.
Next we prove Theorem 2.3 by reducing to Theorems 2.1 and 2.2. Let Y˜ → Y and
D be as in Proposition 2.5. The assertion(4) is proved in Example 1.10. If K2Y ≥ 7 then
K2Y = 8 and Y equals the quadric cone Σ2 in P
3 (see [MZ1], or Proposition 2.5); in this
case Theorem 2.3 can be checked easily in the spirit of Example 1.6. So we may assume
that SingY 6= A7 and K2Y ≤ 6.
We first consider the case K2Y = 1. By the Riemann-Roch theorem and Kawamata-
Viehweg Vanishing [Ka, V], the linear system | − K
Y˜
| has dimension 1, and it has a
unique base point Q by [D, Proposition 2, p.40]. Let X → Y˜ be the blow-up of Q with E
the exceptional curve. Then the linear system |−KX | has dimension 1 and is base point
free, so it defines an elliptic fibration f : X → B ∼= P1 with E as a section. Clearly, the
non-trivial action of Z/(p) on Y induces a non-trivial action of Z/(p) on X so that the
birational morphism X → Y is Z/(p)-equivariant. Since the Picard number ρ(Y ) = 1,
we see easily that f is extremal in the sense of [MP]. Now Theorem 2.3 : the case K2Y = 1
follows from Theorems 2.1 and 2.2. Indeed, since Z/(p) stabilizes the section E, this X
is not equal to the surface in Example 1.5.
Next we consider the case d := K2Y ≥ 2. Suppose that SingY is as in Lemma 2.6
(3), then there is a (−1)-curve Ed on Y˜ such that Ed.D = 1. If there is an element
g in Aut(Y ) = Aut(Y˜ ) of prime order p (p ≥ 5), then g fixes at least two points on
Ed (∼= P1): Ed ∩ D, Qd. Let σ : Y˜d−1 → Y˜ be the blow-up of Qd with Ed−1 the
exceptional curve. Then the anti-canonical divisor of Y˜d−1 equals σ
∗(−K
Y˜
) − Ed−1 =
dE′d + (d − 1)Ed−1 + σ∗(∆) ≥ 0 in notation of Lemma 2.6 (where E′d is the proper
transform of Ed), and hence it is nef and also big for its self-intersection equals d−1 ≥ 1.
So the divisor Dd−1 = σ
∗(D) + E′d of (−2)-curves which has zero intersection with the
nef and big anti-canonical divisor of Y˜d−1, is contractible to rational double singularities
by the map Y˜d−1 → Yd−1. Also Yd−1 has Picard number 1 and ample −KYd−1 . Clearly,
our g in Aut(Y˜ ) = Aut(Y ) induces an element g in Aut(Y˜d−1) = Aut(Yd−1) so that σ is
g-equivariant.
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In particular, if d = 2 then SingYd−1 is one of those four in Theorem 2.3 (1) and also
such 〈g〉 ∼= Z/(p) in Aut(Yd−1) is unique modulo equivariant isomorphism; hence such
〈g〉 in Aut(Y ) is also unique for any given Y (see Lemma 2.6 (1)), modulo equivariant
isomorphism.
For general d ≥ 2, we have blow-ups below to reduce to the case d = 1: Y˜1 → Y˜2 →
· · · → Y˜d. Using the information on the location of the point Ed∩D in D given in Figure
5 in [Y1] or [Y2, Ch 4], all possible chains of singularity types : SingY1 → SingY2 →
· · · → SingYd are as follows:
E8 → E7 → E6 → D5 → A4,
E7 + A1 → D6 +A1 → A5 + A1,
E6 + A2 → A5 + A2.
So Theorem 2.3 is true if SingY is one of those in Lemma 2.6 (3).
We are left with those Y with SingY equal to one of the following:
D4 + 3A1, 2A3 + A1, 3A2, A3 + 2A1, A2 + A1.
For the last four cases, Theorem 2.3 follows from the arguments in Examples 1.6-1.9.
Now we consider the remaining case SingY = D4 + 3A1. Then Y˜ contains a (−1)-
curve E2 meeting the three isolated (−2)-curves in D [ibid. Figure 5]. Since g with
ord(g) = p ≥ 5 stabilizes every component of D, this g fixes the three points D ∩ E2
and hence E2 (∼= P1) is g-fixed. Blowing up a point on E2 \D, as above we will reduce
to Y1 with SingY1 = 2D4. Now the uniqueness of such 〈g〉 ∼= Z/(p) in Aut(Y ) modulo
equivariant isomorphism, follows from Theorem 2.3: the case K2Y = 1. This proves
Theorem 2.3.
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